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Abstract
In order to reconcile the non conventional character of brane cosmology with stan-
dard Friedmann cosmology, we introduce in this paper a slowly-varying quintessence
scalar eld in the brane and analyse the cosmological solutions corresponding to some
equations of state for the scalar eld. Dierent compensation mechanisms between the
cosmological constant in the bulk and the constant tension resulting from the combined
eect of ordinary matter and the quintessence scalar eld are derived or assumed. It
has been checked that the Randall-Sundrum approach is not necessarily the best pro-
cedure to reconcile brane and standard cosmologies, and that there exists at least
another compensating mechanism that reproduces a rather conventional behaviour for
an accelerating universe.
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In order to reconcile the mismatch of the scales of particle physics and gravity it was
recently suggested [1] that the latter scale can be lowered all the way to the weak scale
by introducing large extra dimensions, so opening up the possibility for new primordial
cosmological scenarios. Randall and Sundrum later proposed [2] that the size of such
extra dimensions could still be kept small, with the background metric being a non
flat slice of anti-de Sitter space due to the existence of a negative bulk cosmological
constant which is exactly balanced by the tensions on the two branes occurring in this
scenario. It is the so-generated curved character of the space-time which causes the
physical scales on the two branes to take on exponentially dierent values. This has
prompted a lot of activity [3] on the possibility that we live just in a three-dimensional
one-brane world embedded in a higher dimensional space, while gravity pervades the
whole highest dimensional space which, contrary to the Kaluza-Klein spirit, need not
even be compact according to the Randall-Sundrum philosophy. The cosmological
evolution of the brane universe has already been extensively investigated by many
authors [4-8].
It was however shown by Binetruy, Deayet, Ellwanger and Langlois [4] that the evo-
lution of a brane-like universe is not viable in the sense that the cosmological eld equa-
tions corresponding to it do not match the analogous Friedmann-Robertson-Walker
equations of standard cosmology, the essential dierence being that the energy den-
sity in the brane appears quadratically, rather than linearly, in the right hand side of
the Einstein equations. It was later noted [5-7] that brane and standard cosmologies
could still be reconciled by again using the Randall-Sundrum approach [2], so that
a negative cosmological constant is introduced in the bulk which is exactly compen-
sated by a constant tension in the brane in such a way that the nonlinear term for the
energy density in the eld equations would nearly vanish (leaving the usual Friedmann-
Robertson-Walker evolution) at late times, and is relevant only at the earliest times,
where cosmology becomes highly non conventional. Thus, much as quantum eects are
currently thought to remarkably modify Einstein general relativity only at the initial
Planck era, one could also regard the relevant primordial deviations from standard
cosmology in the brane to be caused by some sort of topological eects which are only
relevant in the realm of quantum gravity.
It is the aim of the present work to discuss and generalize the above interpretation
by obtaining particular exact solutions to the ve-dimensional Einstein equations for
a brane universe which corresponds to an observable ordinary matter in the brane and
a negative cosmological constant in the bulk that can also now be compensated by the
combined eect of the constant ordinary-matter tension and a vacuum quintessence
scalar-eld tension [9] in the brane. This cancellation mechanism so as the one derived
from the Randall-Sungrum condition, comes in our model quite naturally from the
constraint on the quintessence potential which is derived from the eld equations and
conservation laws (or as particular ansa¨tze from that potential in the case of constant
scalar eld). We note that such a compensating mechanism actually generalizes the
Randall-Sungrum paradigm which in this paper will be extended to encompass not
just a vacuum constant brane tension, but also the tension derived from the observable
ordinary matter. Among the cosmological models that we have found (which include
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accelerating and decelerating open or closed universes with an initial non conventional
phase), there are some "exotic" universes (that is universes with negative energy density
for ordinary matter) which correspond to particular solutions that do not contain any
non conventional initial evolution.
According to Binetruy et al. [4,5], in a ve-dimensional space-time the generalized















where the overhead dot means derivative with respect to time, R is the scale factor in
the brane, B and b are the energy densities in the bulk and the brane, respectively,
C is an integration constant which is probably related to the choice of the initial
conditions for the universe and can be interpreted as an eective radiation term [4,5],
k is the topological curvature (k = 0;1), and
2 = 8G(5) M−3(5) ; (2)
with G(5) the ve-dimensional Newton constant and M(5) the ve-dimensional reduced
Planck mass. In what follows we shall restrict ourselves to the flat case (k = 0) and
assume that the boundary conditions for the universe are such that C = 0. The
nonlinear term proportional to 2b in Eq. (1) makes the cosmology resulting from
this equation highly non conventional. As pointed out above, several authors [3,5-
7] have suggested that the discrepancy between brane and standard cosmologies may
be greatly alleviated by introducing a constant tension in the brane universe which
compensates the negative cosmological constant in the bulk, within the spirit of the
Randall-Sundrum approach. On the other hand, the conservation law for the energy




(b + pb) = 0; (3)
with pb the pressure in the brane. We shall furthermore take pM = 0 for the state
equation of the ordinary fluid in the brane.
If, instead of a constant tension term, we introduce in the brane a vacuum scalar
quintessence eld , with state equation [9]
p = !; 0  ! < −1 (4)
(with ! = −1 corresponding to the constant tension case), which behaves like a perfect
fluid, then we have for the energy density in the brane,
b = M +  (5)




[M + b(1 + !)] = 0: (6)
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_2 + V () > 0; 2p =
1
2
_2 − V ()  0;
where V () is the potential energy for the eld . Furthermore, since no interaction
between the scalar eld  and ordinary matter M is assumed to occur in the brane,












with the subscript 0 denoting current value. Using then the second of Eqs. (7), one






where D is an integration constant that gives the total mass in the brane universe,
D  M . Replacing the expression for b obtained from Eq. (8) in the eld equation
(1) for k = 0 and C = 0, we nally get a dierential constraint on the scale factor R




















In order to set a suitable compensating mechanism able to alleviate or solve the dis-
crepancy between brane and standard cosmologies and, in particular, to check whether
the Randall-Sundrum approach or other possible conditions can be successfully applied
with that purpose in the case ! = −1, we shall derive from Eq. (9) another constraint,
that on the scalar-eld potential V () satisfying the eld equation (1) and all conser-





















where H0 is the current value of the Hubble constant,










(1 + !)20: (11)
From expressions (10) and (11), Eq. (9) can now be directly transformed into the













































This expression has been derived by implicitly assuming that ! 6= −1. For ! = −1,
V = V0 6= 0 and  = 0 6= 0 are both constant, and V 00 = 0. Thus, in the case that the
eld  reduces to a cosmological constant  in the brane, we attain that the quantity




(or I = ΩB +1=2 if we use the triangular cosmological constraint Ωk +ΩM +Ω = 1 on
the brane) is mathematically indeterminate. One may then employ dierent ansa¨tze
for the value of I. Three of such possible conditions will appear to be particularly
interesting. If we set I = Ω2M=2, the Randall-Sundrum condition Ω = −Ω2=2 is
recovered, if we set I = 0, it follows that ΩB = −1=2, and nally if I = 1=2, then
ΩB = 0. All of these three ansa¨tze will be used later on this paper.
From Eqs. (10) we can now derive the expression











which will be useful in what follows as well. In the remaining of this paper we shall
consider dierent solutions to the constraint equations on V and R for given particular
values of the quintessence parameter ! [9]. Let us start with ! = 0 for which case the

















Similarly to how it happens for the solution that corresponds to the case in which there
are neither a cosmological constant nor a quintessence eld in the brane, the scale factor
(15) clearly has a nonconventional behaviour at early times, R / t1=2, followed by an
exponential expansion at any late times. Inserting the expression of R given by Eq.
(15) in the general expression (14) and using Eqs. (11) for ! = 0, we have





































in which cn is a Jacobian elliptic function [12]. Using then the rst of the Eqs. (10)





















It can be easily seen that the scalar potential (19) satises constraint (13), provided
ΩM + Ω = 1 and ΩB = 1=2. The latter condition implies a positive cosmological
constant in the bulk and corresponds to an ansatz I = 1, so that neither the Randall-
Sungrum approach nor any of the other two above-alluded conditions can hold in this
case.
We consider next the ansatz I = 1=2 (i.e. ΩB = 0) for the case that the quintessence
state equation takes the particular expression corresponding to ! = −1=2. We distin-


















for late times. It is worth noticing that the same qualitative behaviour for the scale
factor as that given by solutions (20) and (21) (that is, an initial non conventional
expansion, followed by a conventional one up to arbitrarily large time) was also obtained
using the Randall-Sungrum approach with a cosmological constant in the brane [5].
Following then the same steps as for ! = 0, we nally get in this case an inverse-power
law for the scalar potential; i.e.
V () / (− 0)−2 ; (22)
with the proportionality constants being given by simple functions of Ω and ΩM , both
for early and late times. It can be checked that this potential satises constraint (13)
by simply imposing the cosmological triangular condition Ωk + Ω + ΩM = 1 in the
brane.
We nally come to the case ! = −1. As pointed out above, this corresponds to
having a cosmological constant  in the brane, so that V = V0,  = 0 and I becomes
indeterminate. Three ansa¨tze will be considered for I: I = Ω2M=2 (corresponding to
the Randall-Sungrum approach), I = 0 and I = 1=2. These particular approaches are
associated with values of the cosmological constant in the bulk given by ΩB = −Ω2=2,













which corresponds to the same qualitative behaviour as for the solution obtained when
we take I = 1=2, ! = −1=2, such as it was mentioned above. If we allow the quantity
6
I to be in the close neighbourhood of the Randall-Sundrum value Ω2M=2 and keep


























Solution (24) describes the evolution of a brane universe which initially expands non
conventionally, R / t1=3, to enter then the customary regime, R / t2=3, and nally
an exponential realm, R / exp(3`2t), that keep holding forever. We thus recover the
solution rst derived by Binetruy et al. [5] in the case of a general equation of state
for the ordinary matter.
















which, for a convenient choice of the cosmological parameters ΩM and Ω, shows a
qualitative behaviour similar to that is predicted by solution (24).
Let us nally consider the case where I = 0, so that ΩB = −1=2. Then from the













where x = R−3. Now, we shall examine the three possible situations which appear
depending on whether Ω2 is larger, equal or smaller than unity. If Ω
2




































Now, if M > 2=6H20 one should expect from solution (27) the same qualitative evo-
lutive behaviour as that was obtained from solution (24), including the initial non
conventional phase. More interesting are the cases where the mass of the brane uni-
verse is constrained to be M = 2=6H20 . Then from the cosmological triangular

















which represents a universe which initially expands according to conventional cosmol-
ogy (R / t2=3) to nally grow exponentially, without passing through any non conven-
tional t1=3-phase. Thus, if it turned nally out that the observable universe is actually
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accelerating [13], the brane solution (28) could be regarded as a good candidate to de-
scribe it. The price to be paid for getting such a conclusion is to allow for an universe
with either a large positive mass ΩM > 2 or a negative energy density ΩM < 0.
























which appears to be not quite fashionable not just for its initial non conventional
behaviour, but mainly for its disconform to recent cosmological observations. More
interesting appears to be the solution that corresponds to the case Ω2 = 1 which
exactly coincides with the solution obtained when one imposes the Randall-Sungrum
approach (Eq. (23)).
Clearly, there appear to be many other interesting solutions corresponding to other
choices of quintessence parameter ! and/or the indeterminate quantity I when ! = −1
which may be dealt with and interpreted following lines analogous to those considered
in this paper. However, the results obtained so far seem to be forcefull enough to draw
o the following conclusion. When applied to brane cosmology, the Randall-Sungrum
approach is nothing but just another more condition among a presumably large number
of similar ansa¨tze which can all alleviate or even solve the mismatch between brane
and standard cosmology. It appears e.g. that for the case ! = −1 there actually
exists at least a particular condition, other than that of Randall and Sungrum, that is
expressed as ΩB = −1=2, which may even lead to a cosmological model without any non
conventional expansion phase. In one case this solution corresponds to a universe lled
with matter having negative energy density. This situation would mean violation of
the classical energy conditions [14] and could imply the existence of causality-violating
processes involving superluminal travels or closed timelike curves [15].
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